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Black-Scholes equation
∂V
∂t
+
1
2
σ2S2
∂2V
∂S2
+ rS
∂V
∂S
− rV = 0,
S ≥ 0, t ∈ [0, T ]
(1)
is the Black-Scholes equation where V (S, t) is the value of the option,
S the price of the underlying, t the time, T the expiration date, σ the
volatility of the underlying and r the risk-free interest rate.
r and σ are constant.
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Partial differential equations
A partial differential equation (PDE) is a relation that involves partial
derivatives of an unknown function. Let the unknown function be
u, and x, y, z, . . . be independent variables, i.e., u = u(x, y, z, . . .).
Often, one of these variables represents the time.
F (x, y, z, u, ux, uy, uz, uxx, uxy, · · · , uxxx, · · · ) = 0. (pde)
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Partial differential equations
A partial differential equation (PDE) is a relation that involves partial
derivatives of an unknown function. Let the unknown function be
u, and x, y, z, . . . be independent variables, i.e., u = u(x, y, z, . . .).
Often, one of these variables represents the time.
F (x, y, z, u, ux, uy, uz, uxx, uxy, · · · , uxxx, · · · ) = 0. (pde)
We have used the subscript notation for the partial differentiation
ux =
∂u
∂x
, uxy =
∂2u
∂x∂y
, · · ·
We will always assume that the unknown function u is sufficiently
well behaved so that all necessary partial derivatives exist and corre-
sponding mixed partial derivatives are equal
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By a solution of (pde) we mean a continuous function u = u(x, y, z, · · · ),
with continuous partial derivatives, which, when substituted in (pde),
reduces equation (pde) to an identity.
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By a solution of (pde) we mean a continuous function u = u(x, y, z, · · · ),
with continuous partial derivatives, which, when substituted in (pde),
reduces equation (pde) to an identity.
Example For the first-order partial DE for the unknown u = u(x, y)
ux + uy = 0
it is possible to show that u = φ(x−y) where φ is any function having
continuous first-order partial derivatives is a solution. Indeed, since
ux = φ
′(x− y) and uy = −φ′(x− y)
it immediately follows that ux + uy = φ
′(x− y)− φ′(x− y) = 0
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Classification of second order linear pde’s Now we shall discuss
the most crucial classification of second-order linear partial DEs in
two independent variables for the unknown u = u(x, y)
L[u] := A(x, y)uxx +B(x, y)uxy + C(x, y)uyy
+D(x, y)ux + E(x, y)uy + F (x, y)u = G(x, y)
(2pde)
where the functions A(x, t), · · · , G(x, t) are continuous in some open
set Ω ⊆ R2
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Following the analogy of the quadratic equation
ax2 + bxy + cy2 + dx+ ey + f = 0
that represents a hyperbola, parabola, or ellipse according as b2− 4ac
is positive, zero, or negative, the operator L (and so (2pde)) is said to
be hyperbolic, parabolic, or elliptic at a point (x0, y0) ∈ Ω according
as
B2(x0, y0)− 4A(x0, y0)C(x0, y0)
is positive, zero, or negative. It is said to be hyperbolic, parabolic, or
elliptic in a domain, if it has the required property at each point of
the domain.
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Example. The one-dimensional heat equation
∂u
∂t
= k
∂2u
∂x2
, k > 0 (H)
is parabolic in any domain being A = −k, B = 0, C = 0 so that
B2 − 4AC = 0
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The heat equationut(x, t) = kuxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
ut :=
∂u
∂t
(x, t), uxx :=
∂2u
∂2x
(x, t)
Solution to (H) is given by the formula (notice that we have to assume
|f(x)| ≤ Aeαx2)
u(x, t) =
1√
4kpi t
∫ +∞
−∞
exp
(−(x− y)2
4kt
)
f(y)dy
9/42 Pi?
22333ML232
or, introducing the heat kernel
H(x, t) = 1√
4kpi t
e−x
2/4kt
by the formula
u(x, t) =
∫ ∞
−∞
H(x− y, t) f(y)dy
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We will give an idea about how solve the problem. Start for a par-
ticular f(x) then from this particular solution we will represent the
general solution of (H)
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Property of the solution of (H)
1. u(x− y, t) solves (H) if u(x, t) solves (H) for any y
2. Any derivative (ux o ut o uxx etc.) of a solution to (H) is a solution
to (H)
3. Any linear combination of solution of (H) is again a solution of (H)
4. An integral of solutions is again a solution (H). Then if H(x, t) i a
solution of (H) then so is H(x− y, t) and so is
v(x, t) =
∫ +∞
−∞
H(x− y, t)g(y) dy
for any function g(y) as long as the improper integral converges
5. If u(x, t) is a solution of (H) so is the dilated function u(
√
a x, at)
for any a > 0
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We look for a solution of (H) with a special initial condition
f(x) =
1 for x > 00 for x < 0 (ic)
the reason for this choice is that the initial condition does not change
under dilatation.
We call Q(x, t) such a solution of (H). We will find Q in three steps
following W.A. Strauss Partial differential equations: an introduction
John Wiley & Sons 2007 § 2.4 pp. 45-52
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Step 1 Look for Q(x, t) of the special form
Q(x, t) = g
(
x√
4kt
)
= g(p) (2)
g is a function of only one variable to be determinate and
p = p(x, t) =
x√
4kt
(2a)
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Step 2 Using (2) we convert (H) into an ordinary differential equation
for g by use of the chain rule
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Step 2 Using (2) we convert (H) into an ordinary differential equation
for g by use of the chain rule
Qt =
dg
dp
∂p
∂t
=
x√
4k
(
− 1
2t
√
t
)
g′(p) = − 1
2t
x√
4kt
g′(p) = − 1
2t
p g′(p)
Qx =
dg
dp
∂p
∂x
=
1√
4kt
g′(p)
Qxx =
1
4kt
g′′(p)
then
Qt − kQxx = 0 ⇐⇒ − 1
2t
p g′(p)− 1
4t
g′′(p) = 0
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thus
g′′(p) + 2p g′(p) = 0 (∗)
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thus
g′′(p) + 2p g′(p) = 0 (∗)
To solve (∗) put g′(p) = h(p) obtaining
h′(p) + 2p h(p) = 0
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thus
g′′(p) + 2p g′(p) = 0 (∗)
To solve (∗) put g′(p) = h(p) obtaining
h′(p) + 2p h(p) = 0
which solution is h(p) = c1 e
−p2. Hence g(p) is given by
g(p) = c1
∫ p
0
e−q
2
dq + c2
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Step 3 We find an explicit formula for Q(x, t) finding the integration
constants c1 and c2
Coming back to the original variables we find for t > 0:
Q(x, t) = c1
∫ x/√4kt
0
e−q
2
dq + c2
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Step 3 We find an explicit formula for Q(x, t) finding the integration
constants c1 and c2
Coming back to the original variables we find for t > 0:
Q(x, t) = c1
∫ x/√4kt
0
e−q
2
dq + c2
If x > 0 then 1 = lim
t→0+
Q(x, t) = c1
∫ +∞
0
e−q
2
dq + c2 = c1
√
pi
2
+ c2
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Step 3 We find an explicit formula for Q(x, t) finding the integration
constants c1 and c2
Coming back to the original variables we find for t > 0:
Q(x, t) = c1
∫ x/√4kt
0
e−q
2
dq + c2
If x > 0 then 1 = lim
t→0+
Q(x, t) = c1
∫ +∞
0
e−q
2
dq + c2 = c1
√
pi
2
+ c2
If x < 0 then 0 = lim
t→0+
Q(x, t) = c1
∫ −∞
0
e−q
2
dq + c2 = −c1
√
pi
2
+ c2
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This, recalling the special initial condition (ic) determines the coeffi-
cients c1 =
1√
pi
and c2 =
1
2
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This, recalling the special initial condition (ic) determines the coeffi-
cients c1 =
1√
pi
and c2 =
1
2
Therefore Q(x, t) is the function
Q(x, t) =
1
2
+
1√
pi
∫ x/√4kt
0
e−q
2
dq (3)
for t > 0. Notice that it does indeed satisfy (H) and (ic)
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Step 4 Having found Q we now define H = ∂Q∂x that also is a solution
of (H). Given any function f we also define for t > 0
u(x, t) =
∫ +∞
−∞
H(x− y, t) f(y) dy (4)
which by property 4. is another solution of (H). We claim that U is
the unique solution of (H).
This solution can be written as
u(x, t) =
1√
4pi kt
∫ +∞
−∞
exp
(−(x− y)2
4kt
)
f(y)dy
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We can assume k = 1 since if u(x, t) solves ut = kuxx, if we define
w(x, t) = u(x, t/k) then w is solution of wt = wxx.
In fact
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We can assume k = 1 since if u(x, t) solves ut = kuxx, if we define
w(x, t) = u(x, t/k) then w is solution of wt = wxx.
In fact
wt(x, t) =
1
k
ut(x, t/k) =
1
k
k uxx(x, t/k) = uxx(x, t/k) = wxx(x, t)
That is we can assume without loss of generality k = 1 and concern
only with ut = uxx
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Remark The heat kernel H(x, t) is defined for t > 0 only and is an
odd function of x
-3 -2 -1 1 2
x
0.5
1.0
1.5
2.0
2.5
S
Figure 1: Graph of the heat kernel for different values of t
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Properties of H
i) Ht(x, t) = Hxx(x, t) for each t > 0, x ∈ R
ii)
∫ ∞
−∞
H(x, t)dx = 1 for each t > 0
iii) lim
t→0+
H(x, t) =
 0 x 6= 0+∞ x = 0
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Properties of H
i) Ht(x, t) = Hxx(x, t) for each t > 0, x ∈ R
ii)
∫ ∞
−∞
H(x, t)dx = 1 for each t > 0
iii) lim
t→0+
H(x, t) =
 0 x 6= 0+∞ x = 0
i) stems from a direct calculation. ii) follows from the change of
variable q =
x√
4t
=⇒ dx = √4t dq which implies∫ +∞
−∞
H(x, t) dx = 1√
pi
∫ +∞
−∞
e−q
2
dq = 1
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Eventually to obtain iii) when x 6= 0 we change variable putting s = 1
t
and we use Hospital rule
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Eventually to obtain iii) when x 6= 0 we change variable putting s = 1
t
and we use Hospital rule
lim
t→0+
1√
4pi t
e−x
2/4t = lim
s→+∞
√
s√
4pi esx2/4
= lim
s→+∞
1
x2
√
spi esx2/4
= 0
while for x = 0 iii) is obvious
23/42 Pi?
22333ML232
Remark Using the change of variable y = x+ 2s
√
t =⇒ y = 2√t ds
we can write solution of (H) as
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
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Exercise Prove, using (Hs) that u(x, t) = x
2 + 2t solvesut = uxx x ∈ R, t > 0u(x, 0) = x2 x ∈ R (pb1)
Now
e−s
2
(
x+ 2s
√
t
)2
= e−s
2
(
x2 + 4xs
√
t+ 4s2t
)
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Exercise Prove, using (Hs) that u(x, t) = x
2 + 2t solvesut = uxx x ∈ R, t > 0u(x, 0) = x2 x ∈ R (pb1)
From (Hs) we can write
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(
x+ 2s
√
t
)2
ds
Now
e−s
2
(
x+ 2s
√
t
)2
= e−s
2
(
x2 + 4xs
√
t+ 4s2t
)
Observe that s 7→ 4xs√t is an odd function of s, so that
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
x2 + 4s2t
)
ds
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
x2 + 4s2t
)
ds
=
x2√
pi
∫ ∞
−∞
e−s
2
ds+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
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To find the value of the constant c we can impose that the found
functions solves (pb1)
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To find the value of the constant c we can impose that the found
functions solves (pb1)
It is ut =
4√
pi
c, uxx = 2
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u(x, t) =
1√
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∫ ∞
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e−s
2 (
x2 + 4s2t
)
ds
=
x2√
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e−s
2
ds+
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pi
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−∞
s2e−s
2
ds
= x2 +
4t√
pi
c
To find the value of the constant c we can impose that the found
functions solves (pb1)
It is ut =
4√
pi
c, uxx = 2 then c =
√
pi
2
=
∫ ∞
−∞
s2e−s
2
ds
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u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
x2 + 4s2t
)
ds
=
x2√
pi
∫ ∞
−∞
e−s
2
ds+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
= x2 +
4t√
pi
c
To find the value of the constant c we can impose that the found
functions solves (pb1)
It is ut =
4√
pi
c, uxx = 2 then c =
√
pi
2
=
∫ ∞
−∞
s2e−s
2
ds
Conclusion: solution to (pb1) is u(x, t) = x2 +
4t√
pi
√
pi
2
= x2 + 2t
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General parabolic equations constant coefficients
A linear parabolic equation of the form
vt = vxx + avx + bv, (p)
can always be reduced to the heat equation
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Theorem Solution of (p) is given by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t) (s)
where
ht = hxx (h)
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Theorem Solution of (p) is given by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t) (s)
where
ht = hxx (h)
Proof. We seek for solution of Eq. (p) of the form
v(x, t) = eαteβxh(x, t) (a)
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vt = e
αteβx (αh+ ht)
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vt = e
αteβx (αh+ ht)
vx = e
αteβx (βh+ hx)
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vt = e
αteβx (αh+ ht)
vx = e
αteβx (βh+ hx)
vxx = e
αteβx
(
β2h+ 2βhx + hxx
)
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vt = e
αteβx (αh+ ht)
vx = e
αteβx (βh+ hx)
vxx = e
αteβx
(
β2h+ 2βhx + hxx
)
so that vt − vxx − avx − bv is
eαteβx
[
ht − (b− α + aβ + β2
)
h− (a+ 2β)hx − hxx]
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vt = e
αteβx (αh+ ht)
vx = e
αteβx (βh+ hx)
vxx = e
αteβx
(
β2h+ 2βhx + hxx
)
so that vt − vxx − avx − bv is
eαteβx
[
ht − (b− α + aβ + β2
)
h− (a+ 2β)hx − hxx]
so solving with respect to α and βa+ 2β = 0b− α + aβ + β2 = 0
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we find out 
α = b− a
2
4
β = −a
2
in such a way equation (p) is solved by
v(x, t) = e(b−a
2/4)te−(a/2)xh(x, t)
if ht = hxx
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Example Solve the initial value problemvt = vxx + vx + v x ∈ R, t > 0v(x, 0) = x x ∈ R
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Example Solve the initial value problemvt = vxx + vx + v x ∈ R, t > 0v(x, 0) = x x ∈ R
We have a = b = 1 and then the solution is v(x, t) = e
3
4 t− 12xh(x, t)
being h(x, t) solution ofht = hxx x ∈ R, t > 0h(x, 0) = xe 12x x ∈ R
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Exercise Solve the Cauchy problemut = uxx x ∈ R, t > 0u(x, 0) = sin x x ∈ R
then use formula (Hs) to infer the integration formula∫ +∞
−∞
e−s
2
cos(as)ds =
√
pi e−a
2/4, ∀a ∈ R
